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LAGRANGIAN SELF-SIMILAR SOLUTIONS IN GRADIENT
SHRINKING KA¨HLER-RICCI SOLITONS
HIKARU YAMAMOTO
Abstract. In this paper, we give a lower bound estimate for the diameter of
a Lagrangian self-shrinker in a gradient shrinking Ka¨hler-Ricci soliton as an
analog of a result of A. Futaki, H. Li and X.-D. Li [4] for a self-shrinker in a
Euclidean space. We also prove an analog of a result of H.-D. Cao and H. Li
[1] about the non-existence of compact self-expanders in a Euclidean space.
1. Introduction
A gradient shrinking Ka¨hler-Ricci soliton is a Ka¨hler manifold (N,ω, g, J) with
a smooth function f : N → R satisfying
Ric(g) + Hessgf = g.(1)
By the equation (1), it follows that the (2, 0)-part of Hess f is zero. Hence it is
clear that the (1, 0)-part of ∇f is a holomorphic vector field on N . By a simple
calculation, it is proved that the gradient of R(g) + |∇f |2 − 2f is zero, and we put
a constant C0 by
C0 := R(g) + |∇f |2 − 2f,(2)
where R(g) is the scalar curvature of (N, g). It is proved that R(g) ≥ 0 for a
complete gradient shrinking Ricci soliton by an application of Corollary 2.5 in [2].
For an immersion F : L → N , we get a section (∇f) ◦ F ∈ Γ(L, F ∗(TN)), and
we usually omit the symbol ◦F , for short.
Definition 1.1. An immersion map F : L → N is called a self-similar solution if
it satisfies
H = λ∇f⊥(3)
for some constant λ ∈ R, where H is the mean curvature vector field of F and ⊥
denotes the projection onto the normal bundle of L. It is called a self-shrinker, a
steady soliton or a self-expander when λ < 0, λ = 0 or λ > 0, respectively.
For example, a function f(z1, . . . , zm) := 12 (|z1|2 + · · · + |zm|2) on Cm with
the standard Ka¨hler structure satisfies the identity (1), and it satisfies ∇f(x) = x
under a natural identification of points and tangent vectors for all points x ∈ Cm ∼=
R2m. Hence the equation (3) coincides with Hx = λx
⊥ for all points x ∈ F (L) ⊂
C
m ∼= R2m, and Definition 1.1 can be considered as a generalization of a self-similar
solution in a Euclidean space to in a gradient shrinking Ricci soliton.
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There are many results about self-similar solutions in a Euclidean space. By a
generalization of the notion of a self-similar solution in a Euclidean space to in a
gradient shrinking Ricci soliton as in Definition 1.1, we can discuss which results
about self-similar solutions in a Euclidean space also hold in a gradient shrinking
Ricci soliton. As an example of such results, it is proved that a part of a result
due to Smoczyk also holds in a gradient shrinking Ka¨hler-Ricci soliton. More pre-
cisely, in the proof of Theorem 2.3.5 in [7], Smoczyk proved that every compact
Lagrangian self-similar solution with exact mean curvature form is a minimal sub-
manifold in Cn, and as a generalization of this statement, it is proved in [8] that
every compact Lagrangian self-similar solution with exact mean curvature form is
a minimal submanifold in a gradient shrinking Ka¨hler-Ricci soliton.
In this paper, we give further two results which are already established when
(N, g) is a Euclidean space. The first result is an analog of Theorem 4.3 of A.
Futaki, H. Li and X.-D. Li [4] under the Lagrangian assumption. This gives a
lower bound of the diameter of a Lagrangian self-shrinker in a gradient shrinking
Ka¨hler-Ricci soliton.
Theorem 1.2. Let (N,ω, g, J) be a 2m-dimensional gradient shrinking Ka¨hler-
Ricci soliton with potential function f : N → R satisfying the equation (1). Let
F : L→ N be a compact Lagrangian self-shrinker with
H = −1
2
∇f⊥.
Assume that F (L) is not contained in { f = m − C02 }, where C0 is a constant
defined by (2). Then we have
diam(L, F ∗g) ≥ pi√
3
4 +
m
2 (K0 +A
2
0)
,
for constants K0, A0 ≥ 0 satisfying |KN | ≤ K0 and |A| ≤ A0, where KN is the
sectional curvature of (N, g) and A is the second fundamental form of F .
The second result is an analog of Proposition 5.3 of H.-D. Cao and H. Li [1] under
the Lagrangian assumption. This theorem states the non-existence of compact
Lagrangian self-expanders in a certain gradient shrinking Ka¨hler-Ricci soliton.
Theorem 1.3. Let (N,ω, g, J) be a 2m-dimensional gradient shrinking Ka¨hler-
Ricci soliton with potential function f : N → R satisfying the equation (1) and
assume that R(g) < 2m, then there exists no compact Lagrangian self-expander in
N .
The rest of this paper is organized as follows. In Section 2, we give some charac-
terization of self-similar solutions in gradient shrinking Ricci solitons. In Section 3,
we give a proof of Theorem 1.2 and 1.3.
Acknowledgements. I would like to thank my supervisor, A. Futaki for many
useful discussions and constant encouragement.
2. Characterization of self-similar solutions
In this section, we give some characterization of self-similar solutions in gradient
shrinking Ricci solitons and review a result in [8].
The first characterization is given by the variation of the weighted volume as
follows. Let (N, g, f) be a n-dimensional gradient shrinking Ricci soliton with
3potential function f satisfying (1). For an m-dimensional compact manifold L and
a constant λ ∈ R, we define the weighted volume functional Fλ by
Fλ(F ) :=
∫
L
eλfdµ(F ∗g)
for each immersion F : L → N , where dµ(F ∗g) is the induced measure on L with
respect to the metric F ∗g.
Proposition 2.1. Let F : L→ N be an immersion and λ ∈ R be a constant. Then
the following three conditions are equivalent.
(1) F is a self-similar solution with H = λ∇f⊥.
(2) F is a minimal immersion with respect to a metric e2λf/mg on N .
(3) F is a critical point of Fλ.
The equivalence of (1) and (2) is proved in [8], and the equivalence of (2) and
(3) can be easily proved by the equality∫
L
eλfdµ(F ∗g) =
∫
L
dµ(F ∗(e2λf/mg)).
The equivalence of (1) and (3) can be considered as a generalization of Proposition
3.6 in [3].
The second characterization is given by the asymptotic behavior of a Ricci-mean
curvature flow, the coupled equation of the Ricci flow and the mean curvature flow.
Let (N,ω, g, J) be a compact 2m-dimensional complete gradient shrinking Ka¨hler-
Ricci soliton with a potential function f : N → R satisfying (1). Fix a time T > 0.
Then for t ∈ [0, T ) we define gt := (T − t)Φ∗t g, where {Φt : N → N}t∈(−∞,T ) is
the 1-parameter family of holomorphic automorphisms of (N, J) with Φ0 = idN
generated by the time dependent vector field 12(T−t)∇f . Then gt is a solution of
Ka¨hler-Ricci flow, that is, the associated Ka¨hler form ωt(·, ·) := gt(J ·, ·) satisfies
∂
∂t
ωt = −ρ(ωt),
where ρ(·, ·) := Ric(J ·, ·) is the Ricci form of ωt. Here we review the main result
in [8]. Let L be an m-dimensional compact manifold and F : L × [0, T )→ N be a
solution of Ricci-mean curvature flow along gt = (T − t)Φ∗t g, that is, F satisfies
∂
∂t
Ft = H(Ft),
where H(Ft) is the mean curvature vector field of Ft(·) := F (·, t) calculated by gt
at each time t. Assume that the initial immersion F0 : L → N is a Lagrangian
immersion for the initial Ka¨hler form ω. Then, it follows that Ft : L → N is also
a Lagrangian immersion with respect to ωt for all t ∈ [0, T ) (c.f. [6]). That is,
the Lagrangian condition is preserved under a Ricci-mean curvature flow along a
Ka¨hler-Ricci flow. We further assume that F develops a singularity of type I, that
is, the norm of the second fundamental form of Ft (denoted by A(Ft)) satisfies
lim sup
t→T
(√
T − tmax
L
|A(Ft)|
)
<∞.
Then, in [8], it is proved that for any sequence tj → T and any point p0 ∈ L
the family of pointed immersions F˜j : (L, p0) → N defined by F˜j := Φtj ◦ Ftj
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subconverges to a pointed immersion F˜∞ : (L∞, p∞)→ N satisfying
H(F˜∞) = −1
2
∇f⊥.
This result can be considered as a generalization of Huisken’s result in [5] for a
mean curvature flow in a Euclidean space.
Since each F˜j is a Lagrangian immersion in (N,ω) and the Lagrangian condition
(F˜ ∗j ω = 0) is a closed condition, it follows that F˜∞ : L∞ → N is a Lagrangian
immersion, that is, the Lagrangian self-shrinker. Hence a Lagrangian self-shrinker
is an asymptotic model of a Lagrangian mean curvature flow with a type I singu-
larity along a Ka¨hler-Ricci flow constructed from a gradient shrinking Ka¨hler-Ricci
soliton.
Remark 2.2. Actually, the same statement also holds under some additional as-
sumptions even though N is non-compact and complete, see [8] for detail. The
differences of factor 2 or 1/2 between coefficients appeared in some formula in this
paper and those in [8] arise from the difference of factor 2 between the Ricci flow
equation ∂tgt = −2Ric(gt) and the Ka¨hler-Ricci flow equation ∂tωt = −ρ(ωt).
3. Proofs of Theorem 1.2 and 1.3
First, we give a proof of Theorem 1.2. The proof is an analog of the proof of
Theorem 4.3 of [4]. As the first step, we prove that the weighted Laplacian ∆φ
defined below has an eigenvalue 1. In the second step, we use Theorem 1.1 in [4]
giving an estimate for the first eigenvalue of the weighted Laplacian.
Proof of Theorem 1.2. Put a smooth function on L by φ := 12f ◦ F and consider
the weighted Laplacian
L := ∆φ := ∆−∇φ · ∇
which acts on C∞(L), where ∆ and∇ is the Laplacian and the gradient on (L, F ∗g).
Since
∆(f ◦ F ) = tr⊤Hessgf + g(∇f,H),(4)
we have
Lφ =1
2
∆(f ◦ F )− 1
4
(F ∗g)(∇(f ◦ F ),∇(f ◦ F ))
=
1
2
(
tr⊤Hessgf + g(∇f,H)
)− 1
4
|∇f⊤|2,
where tr⊤ is the tangential trace, that is, tr⊤B := trF∗g(F
∗B) for a 2-tensor B on
N . Since H = − 12∇f⊥, we have
1
2
g(∇f,H)− 1
4
|∇f⊤|2 = −1
4
|∇f⊥|2 − 1
4
|∇f⊤|2 = −1
4
|∇f |2.
Since (N, g) is a gradient shrinking Ricci soliton satisfying (1), we have
tr⊤Hessgf = tr
⊤(g − Ric(g)) = m− tr⊤Ric(g).(5)
5Furthermore, since F : L→ N is a Lagrangian immersion and (N, g, J) is a Ka¨hler
manifold, we have
tr⊤Ric(g) =
m∑
i=1
Ric(g)(F∗ei, F∗ei)
=
1
2
m∑
i=1
Ric(g)(F∗ei, F∗ei) +
1
2
m∑
i=1
Ric(g)(JF∗ei, JF∗ei) =
1
2
R(g),
(6)
for an orthonormal basis e1, . . . , em on (L, F
∗g). Hence we have
Lφ = m
2
− 1
4
(R(g) + |∇f |2) = m
2
− 1
4
(C0 + 2f) =
(
m
2
− C0
4
)
− φ.
Since L(const) = 0, we have
L
((
m
2
− C0
4
)
− φ
)
= −
((
m
2
− C0
4
)
− φ
)
.
By the assumption, m2 − C04 −φ 6= 0. Hence we have proved that 1 is an eigenvalue
of the weighted Laplacian L = ∆φ.
Next, we prove that
Ric(F ∗g) + HessF∗gφ ≥ κF ∗g,(7)
for a Riemannian manifold (L, F ∗g), where
κ :=
1
2
−m(K0 +A20).
Let X be a tangent vector on L and e1, . . . , em be an orthonormal basis on (L, F
∗g).
Then, by the Gauss equation, we have
Ric(F ∗g)(X,X) =
m∑
i=1
Rm(F ∗g)(X, ei, X, ei)
=
m∑
i=1
Rm(g)(F∗X,F∗ei, F∗X,F∗ei)
−
m∑
i=1
|A(X, ei)|2 + g(A(X,X), H).
Furthermore, we have
HessF∗gφ(X,X) =
1
2
HessF∗g(f ◦ F )(X,X)
=
1
2
(
Hessgf(F∗X,F∗X) + g(A(X,X),∇f)
)
=
1
2
|X |2 − 1
2
Ric(g)(F∗X,F∗X)− g(A(X,X), H),
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where we used Hessgf = g − Ric and ∇f⊥ = −2H . Since
m∑
i=1
Rm(g)(F∗X,F∗ei, F∗X,F∗ei)− 1
2
Ric(g)(F∗X,F∗X)
=
1
2
m∑
i=1
Rm(g)(F∗X,F∗ei, F∗X,F∗ei)− 1
2
m∑
i=1
Rm(g)(F∗X, JF∗ei, F∗X, JF∗ei)
≥− 1
2
mK0|X |2 − 1
2
mK0|X |2 = −mK0|X |2
and
−
m∑
i=1
|A(X, ei)|2 ≥ −mA0|X |2,
we have
Ric(F ∗g)(X,X) + HessF∗gφ(X,X) ≥
(
1
2
−m(K0 +A20)
)
|X |2.
Hence the inequality (7) holds.
Thus, by Theorem 1.1 in [4], we have
1 ≥ sup
s∈(0,1)
{
4s(1− s)pi
2
d2
+ sκ
}
,(8)
where d := diam(L, F∗g). Choosing s =
1
2 in (8), we have
d ≥ pi√
1− 12κ
=
pi√
3
4 +
m
2 (K0 +A
2
0)
.
Hence the proof is completed. 
Next, we prove Theorem 1.3. The proof is an analog of the proof of Proposition
5.3 of [1].
Proof of Theorem 1.3. Assume that there exists a compact Lagrangian self-expander
F : Lm → N2m (compact means M is compact) with H = λ∇f⊥ for some positive
constant λ > 0. Then, using computations (4), (5) and (6) in the proof of Theorem
1.2 and the equality H = λ∇f⊥, we have
∆(f ◦ F ) = tr⊤Hessgf + g(∇f,H)
= m− 1
2
R(g) +
1
λ
|H |2,
where ∆ is the Laplacian on (L, F ∗g). Hence, by the divergence theorem, we have
0 =
∫
L
∆(f ◦ F )dµ(F ∗g) =
∫
L
(
m− 1
2
R(g) +
1
λ
|H |2
)
dµ(F ∗g).
However, the right hand side is strictly positive by the assumption R(g) < 2m.
This leads to a contradiction. 
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